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Data-Parallel Lower-Upper Relaxation Method
for the Navier-Stokes Equations
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The lower-upper symmetric Gauss—Seidel method is modified for the simulation of viscous flows on massively
parallel computers. The resulting diagonal data-parallel lower-upper relaxation (DP-LUR) method is shown to
have good convergence properties on many problems. However, the convergence rate decreases on the high cell
aspect ratio grids required to simulate high Reynolds number flows. Therefore, the diagonal approximation is
relaxed, and a full matrix version of the DP-LUR method is derived. The full matrix method retains the data-
parallel properties of the original and reduces the sensitivity of the convergence rate to the aspect ratio of the
computational grid. Both methods are implemented on the Thinking Machines CM-5, and a large fraction of the
peak theoretical performance of the machine is obtained. The low memory use and high parallel efficiency of
the methods make them attractive for large-scale simulation of viscous flows.

Introduction

HE numerical simulation of large complex flowfields can be a

computationally intensive task, especially when viscous flows
are modeled. The large disparity between the length scales in high
Reynolds number flows can result in a very stiff equation set, which
usually requires an implicit method to converge to a steady-state
solution in a reasonable time.

The large cost associated with solving the Navier—Stokes equa-
tions makes the use of a massively parallel supercomputer (MPP)
attractive, since such machines have a very large peak performance.
However, it is difficult to efficiently implement most implicit meth-
ods on an MPP, since a true implicit method requires the inversion
of a large sparse matrix, which involves a great deal of interpro-
cessor communication. The traditional solution to this problem is
to perform some sort of domain decomposition, which reduces the
amount of communication required by solving the implicit prob-
lem on a series of local subdomains. This approach has been used
with good success, but the resulting algorithms can become costly
and complicated because of load balancing and boundary update
issues.!

Another approach is to seek an implicit method that would be
amenable to data-parallel implementation without domain decom-
position. Such an algorithm would then be readily portable to a wide
variety of parallel architectures, since it is relatively easy to run a
data-parallel code on a message-passing machine. The lower-upper
symmetric Gauss-Seidel (LU-SGS) method of Yoon and Jameson?
is a good starting point, because it makes some approximations to
the implicit problem that eliminate the need for large block matrix
inversions. Candler et al.? have shown that it is possible to modify
the LU-SGS method, making it almost perfectly data parallel for
inviscid flows. The resulting data-parallel lower-upper relaxation
(DP-LUR) method replaces the diagonal Gauss—Seidel sweeps of
the LU-SGS method with a series of pointwise relaxation steps.
With this method all data dependencies are removed, and the com-
putation of each relaxation step becomes perfectly data parallel.
Also, the formulation of the method ensures proper load balancing
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at all times, eliminating the need for a domain decomposition. The
resulting algorithm is simple to implement and to use in either data-
parallel or message-passing mode and has been shown to be efficient
for the large-scale simulation of inviscid flows. A Fortran90 imple-
mentation of the method has been tested on two massively parallel
architectures, where it achieves a large percentage of the peak theo-
retical performance of each machine and converges to a steady-state
solution in fewer iterations than the LU-SGS algorithm.

The focus of the current paper is the application of the DP-LUR
method to the Navier—Stokes equations. The steps necessary to par-
allelize and diagonalize the implicit viscous terms are discussed. The
resulting diagonal DP-LUR method works well for low Reynolds
number flows. However, the method exhibits severely degraded con-
vergence properties on the high aspect ratio grids necessary to re-
solve the boundary layer of high Reynolds number flows, which is
a well-known attribute of all LU-SGS type schemes.*~¢ The under-
lying reasons for this slow convergence are discussed, and modifi-
cations are proposed to alleviate the problem, resuiting in the full
matrix DP-LUR algorithm. The paper then presents comparative
results for both of these methods and discusses implementation and
performance issues on the Thinking Machines CM-5.

Diagonal DP-LUR

The fully implicit form of the two-dimensional Navier—Stokes
equations in curvilinear coordinates is

aén+l
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where U is the vector of conserved quantities and F and G are the flux

vectors in the & (body-tangential) and n (body-normal) directions.

The flux vectors can be split into convective and viscous parts,
F=F+F, G=G+G,

If we focus on the inviscid problem for now, we can linearize the

flux vector using

n
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We then split the fluxes according to the sign of the eigenvalues of
the Jacobians

F=AU+A.U=F, +F_
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to obtain the upwind finite volume representation
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where R} ; is the change of the solution as a result of the fluxes at
time level n, S is the surface area of the cell face indicated by its
indices, and V; ; is the cell volume.

The LU-SGS method of Yoon and Jameson? is a logical choice for
implicit time advancement, because it makes some simplifications to
the implicit equation that diagonalize the problem and allow steady-
state solutions to be obtained with a dramatically reduced number
of iterations over an explicit method, without a substantial increase
in the computational cost per iteration. In addition, the extension
to three-dimensional flows is straightforward, unlike many implicit
methods. Although the method as formulated does not lend itself to
implementation on a parallel machine, we will see that it is possible
to make some modifications to the algorithm that make it inher-
ently data parallel. Following the method of Yoon and Jameson,?
we approximate the implicit Jacobians

Ay = 3(A+ pal), Ao =3(A~paD)

where p,4 is the spectral radius of the Jacobian A, given by the magni-
tude of the largest eigenvalue |u| 4+ a, where a is the speed of sound.
Then differences between the Jacobians become, for example,

A, — A_ = pal

If we move the off-diagonal terms in Eq. (1) to the right-hand side,
the resulting implicit equation becomes
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where A, = (AtS/V)p4. With this approximation, Eq. (2) can
be solved without any costly matrix inversions. Note that we are
making approximations only to the implicit side of the problem,
therefore the steady-state solution will be unaffected.

The LU-SGS algorithm employs a series of corner-to-corner
sweeps through the flowfield using the latest available data for the
off-diagonal terms to solve Eq. (2). This method is efficient on a
serial or vector machine. However, significant modifications are re-
quired to reduce or eliminate the data dependencies that are inherent
in Eq. (2) and to make the method parallelize effectively. The DP-
LUR approach solves this problem by replacing the Gauss—Seidel
sweeps with a series of pointwise relaxation steps using the fol-
lowing scheme. First, the off-diagonal terms are neglected and the
rig}(l‘f)—hand side, R; ;, is divided by the diagonal operator to obtain
sU":

UL = (14341 + My1), AR

Then a series of kpqx relaxation steps are made withk =1, ... | k.,
sU = (14231 +331), { ARy,
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With this approach, all data required for each relaxation step have
already been computed during the previous step. Therefore, the en-
tire relaxation step is performed simultaneously in parallel without
any data dependencies, and all communication can be handled by
optimized nearest-neighbor routines. In addition, since the same
pointwise calculation is performed on each computational cell, 1oad
balancing will be ensured as long as the data are evenly distributed
across the available processors. The resulting algorithm was shown
to be efficient for the simulation of perfect gas and reacting inviscid
flowfields, and in fact with k., = 4 it converges to a steady-state
solution in fewer iterations than the original LU-SGS method.? The
low memory usage of the method makes it possible to solve up to
32 million grid points on a 512-processor CM-5 with 16 gigabytes
(GB) of available memory. This fact, together with the nearly perfect
scalability of the algorithm to larger numbers of processing nodes,
makes it attractive for the solution of very large problems.

For the solution of viscous flows, Eq. (2) or (3) must be modified to
include the contribution of the appropriate viscous terms. Following
the method of Tysinger and Caughey,” we can linearize the viscous
flux vectors F,, and G, assuming that the transport coefficients are
locally constant, to obtain

Fn+l ~ Fn + ___(Lgu)n
9&

where the viscous Jacobians L and N are evaluated in such a way
that they are functions of the vector of conserved quantities U and
not the derivatives of U. An alternate derivation by Gnoffo® results
in a slightly different form for the Jacobian matrices, but the two
approaches give neatly equivalent performance when implemented
in the DP-LUR method. To maintain the diagonal nature of the
method, an approximation must be made to the viscous Jacobians
that appear on the diagonal. One approach is to use the spectral radii

of L and N, given by
pp=py =Y (S
L N pPr\ J

where Pr isthe Prandt] number and J is the determinant of the trans-
formation matrix between Cartesian and curvilinear coordinates.
The resulting algorithm is then
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where A;, = (AtS/V)p.. Note that if the computational grid is
constructed so that 7 is the body-normal direction, the £-direction
viscous Jacobians typically will be much smaller than those in the
n direction and can be eliminated from Eq. (4) with no effect on the
performance of the algorithm. This is equivalent to making a thin-
layer approximation on the implicit side only and therefore will
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Fig.1 Sample 128 x 128 cylinder—wedge grid. Every other grid point
is shown.

not affect the steady-state solution. The approach of Tysinger and
Caughey, which has been used successfully by several authors,*:
in conjunction with the LU-SGS method, can be readily adapted
to the DP-LUR algorithm by replacing the diagonal operator and
off-diagonal Jacobian matrices in Eq. (3) with their counterparts
in Eq. (4). The diagonal viscous DP-LUR algorithm thus retains
all of the benefits of the inviscid implementation and requires no
additional interprocessor communication.

The viscous implementation of the diagonal DP-LUR method
has been tested on two- and three-dimensional geometries, with the
emphasis on evaluating the convergence properties and parallel per-
formance of the new method. The primary test case for this paper
is the Mach 15 perfect gas flow over a cylinder—wedge body, with
Reynolds numbers based on freestream conditions and the body
length varying from 3 x 10° to 3 x 107. A sample 128 x 128 grid for
this problem is shown in Fig. 1. The three-dimensional computations
were performed on multiple planes of the same two-dimensional
grids, which makes it easy to directly compare the convergence
properties of the two- and three-dimensional implementations of
the method. However, the method has been used with good results
on several true three-dimensional flows.® The boundary-layer reso-
lution is measured with the wall variable

PYUs
Y+ = —
“

where u, is the friction velocity, given in terms of the wall stress
7, by u, = /(v /p). For a well-resolved boundary layer, the mesh
spacing is typically chosen so that y, < 1 for the first cell above the
body surface. The grid for each case is then exponentially stretched
from the wall to the outer boundary, which results in approximately
70 points in the boundary layer at all Reynolds numbers for the
baseline 128 x 128 grids.

Although the results presented here are based on modified first-
order Steger—Warming flux vector splitting for the explicit fluxes, '
the derivation of the implicit algorithm is general and can be
used with many explicit methods. Results have also been ob-
tained using a Harten—Yee upwind non-MUSCL total variation di-
minishing scheme,!! with comparable convergence properties. All
implicit cases were run with essentially infinite time step [Courant—
Friedrichs—Lewy (CFL) number ~ 10*]. However, note that, be-
cause of the approximate nature of the implicit operator, the CFL
number does not represent the true elapsed time of each iteration.
Thus, little improvement in convergence is obtained by taking still
larger time steps.

The implicit off-diagonal viscous coupling terms in Eq. (4) fa-
cilitate the diffusion of viscous effects through the flowfield, and
therefore proper treatment of these terms can be very important to
the convergence and stability of the algorithm. There are two pos-
sible ways to handle these off-diagonal terms; the full L and N
matrices can be used, as shown eatlier, or all viscous Jacobians can

be approximated by their spectral radii, as in
L>~p 1, N >~ pnl

Figure 2 plots the convergence histories for these methods for an
Re = 3 x 10* flow. As expected, the coupling terms greatly improve
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Fig.2 Convergence histories for the diagonal DP-LUR method show-
ing effect of off-diagonal viscous coupling. Cylinder-wedge body at
My = 15 and Re = 3 x 10%; 128 x 128 grid with y+ = 1 for the
first cell above the body.
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Fig.3 a) Convergence histories and b) CPU times on 64-processor CM-
5 for the diagonal DP-LUR method showing influence of kpax . Cylinder—
wedge body at Mo, = 15 and Re = 3 x 10%; 128 x 128 grid withy, = 1.

the convergence rate of the algorithm and are necessary for stability
at some flow conditions. For all cases run to date the spectral radius
approximation is the most efficient approach; therefore it will be
used for all of the diagonal DP-LUR results presented here.

The effect of the number of relaxation steps (k. ) On convergence
is shown in Fig. 3a for the two-dimensional cylinder wedge at Re =
3% 10*and y, = 1. The diagonal viscous DP-LUR method exhibits
convergence characteristics similar to the inviscid algorithm, with
convergence steadily improving as km, increases. Figure 3b plots
the convergence histories for the same case vs computer time on a
64-processor CM-5. Because each relaxation step has a small cost
compared with the evaluation of the explicit fluxes, we see that
increasing kny,, also improves the cost effectiveness of the method.
However, note that this improvement diminishes rapidly for high
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Fig. 4 Convergence histories for the two- and three-dimensional ver-
sions of the diagonal DP-LUR method. Cylinder-wedge body at M, =
15and Re = 3 x 10%;128 x 128 grid withy, = 1.
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Fig. 5 Convergence histories for the diagonal DP-LUR method show-
ing influence of Reynolds number. Cylinder-wedge body at Mo, = 15;
128 x 128 grid withy, = 1.

values of k... For the case shown in Fig. 3, the improvement in
cost effectiveness between k,,,,, = 2 and 4 is about 25%, whereas the
improvement from ky,, = 4 to 6is about 12%, and the improvement
from kpmax = 6to 8 (not shown) is only 6%. Itis theoretically possible
to use any number of relaxation steps; however, our experience
has shown that using values of k., greater than 4 can cause the
algorithm to become less stable for more complex problems, which
reduces the maximum allowed CFL number and slows the overall
convergence rate. Therefore, all of the results presented next were
run at ky,x = 4, which has proven to give the best combination of
numerical stability and cost effectiveness for a variety of problems.

Figure 4 plots the convergence rate of the two- and three-
dimensional diagonal DP-LUR methods for the same case shown
in Fig. 3. We see that there is essentially no difference in the perfor-
mance of the two implementations. This result holds for all cases
tested in this paper.

Figure 5 shows the convergence histories of the algorithm for
several viscous flows with Reynolds numbers from 3 x 10* to 3x 107,
The 128 x 128 grid for each case was chosen so that y, = 1 for the
first cell above the body, ensuring that the boundary layer is equally
well resolved for all cases. Since the thickness of the boundary
layer decreases with increasing Reynolds number, the maximum cell
aspectratio (CAR) of the grid must increase as well to meetthe y, =
1 requirement. For the test cases in Fig. 5, the maximum CAR ranges
from 35 for Re = 3 x 10% to about 15,000 for Re = 3 x 107. We see
that, although the algorithm converges very well for low Reynolds
number (low CAR) flows, the convergence rate decreases rapidly
as the Reynolds number and, therefore, CAR increase. This is not
surprising, since it is well known that methods of this type show
significant degradation of convergence rate on high CAR grids.*~¢
The underlying reason for this can be seen easily by examining the
diagonal term in Eq. (4). Assuming a rectangular grid for simplicity,
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Fig. 6 Convergence histories for the viscous and inviscid implemen-
tations of the diagonal DP-LUR method. Cylinder-wedge body at
Moo = 15; 128 x 128 grid with y = 1 for each case.

with x tangential and y normal to the body, the scalar terms on the
diagonal are inversely proportional to the mesh spacing, as in

At S At

v pAwA—pr

Therefore, the diagonal term in Eq. (4) becomes

)‘A:

U+ Al + 201 + dpl + 221}

At At
>~ |1+ —(pa+ 200 + —(pp +2p5)1
Ax Ay

From this it is apparent that as the CAR in the boundary layer
increases (Ax 3> Ay), the magnitude of the diagonal operator will
be increasingly dominated by the terms inversely proportional to
Ay. This will eventually cause the solution to become overstabilized
in the x direction, slowing the convergence rate. This result also
applies to three-dimensional flows, except that there are now three
relevant cell lengths, one normal and two tangential to the body. Inall
cases the level of overstabilization and, therefore, the degradation
of the convergence rate are driven by the maximum CAR, which
for most external flows will be given approximately by the ratio
of the mesh spacing in one of the body-tangential directions to the
spacing in the body-normal direction. In addition, examination of
the flowfield indicates that for the high CAR cases the cells nearest
to the body evolve slowly compared with the rest of the flow, which
means that, even after the global error norm has fallen several orders
of magnitude, the solution may still be changing near the body
surface.

Note that this problem is solely a function of the computational
grid and consequently should be observed for inviscid flows as well.
This is demonstrated in Fig. 6, which compares the convergence of
the viscous and inviscid algorithms for two of the cases in Fig. 5.
As expected, the performance of the algorithm on high CAR grids
is nearly independent of viscosity. There is a slight degradation in
convergence rate for the viscous problem, however, which becomes
more pronounced as the Reynolds number decreases. This effect,
which can also be seen in Fig. 6, is caused by the slower time scales
involved in the evolution of the viscous portions of the flow.

There have been many methods proposed to resolve this high
CAR convergence problem, including local time stepping, modified
Jacobian splitting,'? nonisotropic diagonal terms, ' '* and multigrid
methods,® but none of these modifications fully addresses the fun-
damental problem with the diagonalized operator.

Full Matrix DP-LUR

The obvious way to avoid poor performance on high aspect ratio
grids is to remove all of the simplifications discussed earlier and
move some or all of the off-diagonal coupling terms back to the
left-hand side of Eq. (2). However, this would require the inversion
of a large block matrix at every time step, which would be both
computationally and memory intensive and would destroy the data-
parallel nature of the current algorithm. Another possibility arises
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if we recognize the fact that the diagonalization given by Yoon and
Jameson? essentially acts to ensure numerical stability by increasing
the diagonal dominance of the system. As stated earlier, this approx-
imation works well on low CAR grids, but as the CAR increases;
the diagonal dominance increases as well, resulting in an oversta-
bilized algorithm that converges very slowly. A better approach for
this problem would be to remove the approximation altogether and
to use the exact flux Jacobians on and off the diagonal for both the
Euler and viscous terms. This results in

At
{I+T[(A+ Dy Sivgs = AT Ly ;S g+ By -

iJj

+ A — L), S 3,801
Vz/ + 1.J i-1,j y

+ V—(B+ = NY S y0U
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At \
1 —VT,-(B7+N)"J+

The exact Euler Jacobians are given by
Ar = C'AssCy

where C;' and C, are the left- and right-hand eigenvector matrices
and A 4. is the diagonal matrix of positive or negative eigenvalues,
The full matrix form of the DP-LLUR method then follows logically
if we use the same approach to solve Eq. (5) as shown in Eq. (3).
The resulting algorithm would still require a large amount of com-
munication or storage to implement in data parallel, since all of the
Jacobians should be evaluated at the indicated cell face; however, the
method can be further modified by calculating all Jacobians at the
local cell center with almost no degradation of convergence rate. In
addition, if we assume that adjacent cell face areas on the diagonal
are approximately equal,

S'+71 S, %,j’:S,, S
and recognize that

,H%_S :Sj
Ay — A_ = |A]

the method simplifies further. The full matrix DP-LUR method is
then given by

U = [1 + V—(CA1|AA|CAS, —2LS;
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and the series of k.« relaxation steps with k =1, .. ., kpax:
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The full matrix method is somewhat more computationally and
memory intensive than the diagonal version, since an r¢q X 7,4 ma-
trix must be stored and inverted at every grid point, where nq is the
number of conservation equations in the system. However, that cal-
culation requires only local data and must be performed just once per
time step. With the preceding simplifications, the algorithm remains
inherently data parallel and free of all data dependencies. Also, it
requires no more communication per iteration than the diagonal
version.
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One potential problem with this method is that by removing the
Yoon and Jameson approximation® we are no longer assured of di-
agonal dominance for all situations and therefore would no longer
expect the algorithm to be unconditionally stable in the linear limit.
However, experience has shown that the method is still numeri-
cally robust for both high and low CAR grids, as will be seen later.
In addition, since Eq. (6) is a better physical representation of the
problem than Eq. (4), the full matrix method should converge much
better than the diagonal method on complex flows. One result of
using this more physical representation is that the numerical sta-
bility and convergence rate are sensitive to the magnitude of the
implicit time step, rather than the CFL number. In fact, for all of the
cylinder-wedge flows in this paper, the maximum stable time step
was governed solely by the freestream conditions, independent of
the mesh spacing (and therefore independent of the CFL number).

The performance of the full matrix method is compared with the
diagonal method in Figs. 7a and 7b. The computational grids are
identical to those used in Fig. 6. All full matrix results were run
at kmax = 4, which remains the most stable implementation of the
method. Results are shown here only for the two-dimensional im-
plementation; however, the three-dimensional full matrix algorithm
exhibits nearly identical convergence properties. In Fig. 7a, which
plots convergence vs number of iterations for two different Reynolds
numbers, it can be seen that the full matrix method requires signif-
icantly fewer iterations to reach steady state. The same results are
plotted against computer time on a 64-processor CM-5 in Fig. 7b.
Although each iteration of the more complex full matrix method
takes about 1.7 times as long as the diagonal method for both the
two- and three-dimensional implementations, it is clearly the most
cost-effective approach, especially for high Reynolds number flows.
Forthe cases shown in Fig. 7, the full matrix method converges about
1.3 times faster for the Re = 3 x 10* flow and 2 times faster for the
Re = 3 x 107 flow.

Most grids over complex two- and three-dimensional geometries
have regions of very high aspect ratio cells, even for low Reynolds
number or inviscid flow simulations. Therefore, it is useful to per-
form a parametric study of the effects of CAR on the convergence
of the two methods. Figure 8a presents the computer time on a 64-
processor CM-5 required for the error norm to fall 10 orders of
magnitude for the two-dimensional inviscid algorithms as a func-
tion of the maximum CAR. We see that the full matrix method is
slightly faster than the diagonal method even for the lowest CAR
grid tested (CAR = 10). This is an interesting result, because the
full matrix method was developed specifically to improve high as-
pect ratio performance. As the CAR increases, both methods require
more iterations to reach steady state, but the full matrix method is
affected by the grid to a lesser extent and converges more than two
times faster on the highest CAR grid tested (CAR = 10,000).

In Fig. 8b we also plot computer time for 10 orders of error
norm reduction vs CAR, but this time for a low Reynolds number
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Fig.7 a) Convergence histories and b) CPU times on 64-processor CM-
5 for the full matrix and diagonal DP-LUR methods. Cylinder-wedge
body at M, = 15; 128 x 128 grid with y = 1 for each casc.

(Re = 3 x 10%) flow. For this case the full matrix method is superior
on all grids and, in fact, is about 20 times faster on the highest aspect
ratio grid tested. It is also interesting to directly measure the effect
that increasing the CAR has on each of these methods. Dividing
the computer time required for the highest CAR grid (10,000) by
the time for the lowest aspect ratio grid (10), we see that, whereas the
diagonal code takes 14 times longer for the high CAR case, the time
required for the full matrix method only doubles. This shows that the
more physical approach of the full matrix method is also better suited
to the solution of highly viscous (low Reynolds number) flows.

The results presented in Fig. 8 show that the use of the full ma-
trix method reduces, but does not eliminate, the effect of CAR on
convergence rate. The remaining dependence is probably a result
of the off-diagonal terms being on the right-hand side of Eq. (6),
which means that their effect is only indirectly coupled to the diag-
onal and is, in fact, lagged by one relaxation step. However, recent
work by Buelow et al.'> suggests that the high CAR convergence
of an alternating direction implicit scheme can be improved signif-
icantly with the use of viscous preconditioning and the method of
characteristics boundary conditions. These methods have not been
implemented in this work, but it is possible that they may further
improve the convergence of the DP-LUR method.

Another important result from Fig. 8 is that, for all cases run to
date, the full matrix method achieves convergence faster than the
diagonal method. However, this does not mean that the diagonal
method should be discarded. The diagonal method will remain use-
ful for very large simulations because it does not require the storage
of any Jacobian matrices and therefore uses about 30% less memory
than the full matrix approach. The simulation of reacting flows is
another area in which there will be a definite tradeoff between the
methods. The large equation sets encountered in these simulations
make the diagonal method very attractive, because the full matrix
method requires the formation and inversion of an exact Jacobian,
and therefore the time and memory required will scale, at least to
some extent, with the square of the number of equations. However,
the more exact treatment of the source term Jacobian that is possible
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Fig. 8 CPU times on 64 processor CM-5 to achieve 10 orders of er-
ror norm convergence for the two-dimensional full matrix and diagonal
DP-LUR methods as a function of maximum CAR: a) inviscid and b)
viscous with Re = 3 x 10°. Cylinder-wedge body at M, = 15;128 x 128
grid with y = 1 for each case.

with the full matrix approach may greatly improve the stability and
convergence of numerically stiff problems.

Parallel Performance

The viscous DP-LUR method was written in CMFortran and im-
plemented on the 512-processor Thinking Machines CM-5 located
at the University of Minnesota Army High Performance Comput-
ing Research Center. Each processor of this machine has 32 MB
of memory and four vector units, each with a peak performance of
32 Mflops; therefore the entire 512-node machine has a theoreti-
cal peak performance of 64 Gflops and 16 GB of available memory.
Interprocessor communication is very slow compared with the com-
putational speed of the processors, primarily because of the large
latency. However, communication routines between nearest neigh-
bors, such as the circular shift, are highly optimized and are usually
much faster than general router communication. Thus, it is nec-
essary to minimize the total interprocessor communication in the
algorithm and use the nearest neighbor routines whenever possible
to obtain good performance.

Although the CM-5 supports both data-paraliel and message-
passing programming environments, the algorithm was imple-
mented only in data parallel, since as formulated it is inherently
data parallel and requires no asynchronous communication or com-
putation. Although it is relatively easy to modify a data-parallel
code to run effectively on a message-passing machine, the reverse
is not usually possible. Therefore this algorithm is quite general and
should run efficiently on a variety of parallel architectures with only
minor modifications.

Both the diagonal and full matrix versions of the viscous DP-LUR
algorithm retain the perfect scalability and high parallel efficiency
that characterized the original method.? The per-processor perfor-
mance of each method increases with the number of points on each
processing node, as shown in Fig. 9, and is independent of the to-
tal number of processors. The primary reason for the increase in
performance for larger numbers of grid points per processor is the
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Table 1 Sustained floating point performance in Gflops
for the four implementations of the viscous DP-LUR
code on a 512-processor CM-5

Implementation Gflop rate
Two-dimensional diagonal 16.5
Three-dimensional diagonal 153
Two-dimensional full matrix 19.8
Three-dimensional full matrix 18.9
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Fig. 9 Per-processor floating point performance of the two-
dimensional full matrix and diagonal DP-LUR methods as a function of
number of grid points on each processor.

vector nature of the machine; more points on each processor implies
a greater vector length. We also see that the full matrix method is
consistently faster than the diagonal method when both algorithms
are run using the same number of grid points. This result is expected,
because the full matrix method is more computationally intensive
but requires no additional communication and therefore has a higher
parallel efficiency. The peak per-processor performance, obtained
when all of the available memory is used, is about 40 Mflops for
the two-dimensional full matrix algorithm and 34 Mflops for the
diagonal version, as shown in Fig. 9. Performance of the three-
dimensional implementations is similar.

Table 1 presents the sustained performance for each implemen-
tation of the viscous DP-LUR method, obtained by running the
maximum grid size allowed by memory limitations on a given ma-
chine. Performance is presented for a 512-processor machine, but
the results can be scaled to any number of processors. The fastest
algorithm on the CM-5 is the two-dimensional full matrix code,
which runs at 19.8 Gflops or about 30% of the theoretical perfor-
mance. However, even the slowest of the four versions runs at over
20% of peak. The viscous algorithms shown in Table 1 are all about
10% slower than the inviscid versions, as a result of the increased
communication involved in the calculation of the flow derivatives
required for the explicit viscous fluxes. Finally, we see that the peak
performance of the full matrix code is about 20% faster than the
diagonal version, as a result of the higher parallel efficiency of the
full matrix algorithm described earlier.

Conclusions

The LU-SGS method has been modified to make it amenable to
the solution of the Navier—Stokes equations on data-parallel ma-
chines. The resulting diagonal DP-LUR method is almost perfectly
parallel and displays good stability and convergence properties on
many viscous flows. However, the diagonal method converges very
slowly on the high aspect ratio grids necessary to adequately resolve
the boundary layer of high Reynolds number flows. We show that
this poor convergence is caused in part by the diagonal approxima-
tion; we therefore relax this assumption and derive a new method.
This full matrix DP-LUR method retains the numerical stability
of the diagonal method, and its convergence rate is less sensitive
to grids with areas of high CAR. Each iteration of the more exact
full matrix method takes about 1.7 times as long as the diagonal.

However, the full matrix method reaches steady state faster than
the diagonal method on all problems tested and is as much as 20
times faster for the simulation of low Reynolds number flows on
high aspect ratio grids.

Both methods are implemented in data parallel on the Thinking
Machines CM-5, where they show the high parallel efficiency and
perfect scalability that characterize the original Euler solver. Their
formulation makes it easy to implement the methods in either data-
parallel or message-passing modes; therefore they should be readily
portable to a variety of different parallel architectures. Floating point
performance on the CM-5 is primarily a function of the number
of grid points per processor, because of the vector nature of the
machine. For very large two-dimensional flow simulations, the 512-
processor CM-5 runs at about 16.5 Gflops for the diagonal code
and 19.8 Gflops for the full matrix version, which in each case
is over 25% of the peak theoretical performance of the machine.
Peak performance for three-dimensional flows is slightly lower. In
addition, the memory usage of both methods is quite low, making it
possible to run up to 32 x 10° grid points for the diagonal method and
24 x 10° grid points for the full matrix method on a 512-processor
machine with 16 GB of memory.

In short, the high parallel efficiency, low memory requirements,
and numerical stability of the viscous DP-LUR methods make them
potentially useful for the solution of very large problems.
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